Introduction
Let M be an irreducible n-dimensional complex projective manifold, and A → M an ample line bundle on it. Then there exists an Hermitian metric h on A such that the curvature of the unique compatible covariant derivative is −2πiω, where ω is a Kähler form on M. As is well-known, for k ≫ 0 the full linear series of global holomorphic sections of A ⊗k determines a projective embedding ϕ k : M → P H 0 (M, A ⊗k ) * ; the asymptotic metric properties of ϕ k as k → +∞ are governed by the Tian-Zelditch almost isometry theorem [T] , [Z] which is crucial in many recent advances in complex and symplectic geometry.
Explicitly, the choice of h and ω endows every space of global holomorphic sections H 0 (M, A ⊗k ) with a natural Hermitian structure; let us choose for every k ≫ 0 an orthonormal basis of H 0 (M, A ⊗k ), so as to view ϕ k as a map ϕ k : M → P N k . Then, when the projective space P N k is endowed with the Fubini-Study metric ω FS , for every l ≥ 0 one has
as k → +∞. Consequently, in view of its holomorphicity ϕ k is asymptotically a Riemannian and symplectic embedding as k → +∞, in the appropriate rescaled sense. The basic question that we shall address in this paper is whether there exists a semiclassical analogue of (1). The term semiclassical refers to the geometric picture obtained by replacing (M, ω) by the space of all its compact and connected half-weighted Bohr-Sommerfeld Lagrangian submanifolds, endowed with the Weinstein symplectic structure along the isodrastic leaves, and the projective embeddings ϕ k by their semiclassical analogues taking value in PH 0 (M, A ⊗k ) ∼ = P N k , and denoted Φ k below; these are the (projectivisation of the) maps introduced by Borthiwck, Paul and Uribe in [BPU] (and referred to as BPU maps in [GT] ).
More precisely, a symplectic structure Ω Wein was introduced by Weinstein on isodrastic leaves of weighted Lagrangian submanifolds, in relation to the construction of a semiclassical analogue of the Berry phase [W] ; here we shall use a closely related structure on isodrastic leaves of half-weighted Lagrangian submanifolds. Although we shall refer to this closed 2-form as Weinstein symplectic structure, unlike the original structure considered by Weinstein it is really non-degenerate only at those pairs (L, λ) such that the zero locus of the half-weight λ on L has measure zero.
By a compact Bohr-Sommerfeld Lagrangian submanifold we shall mean a compact Lagrangian submanifold L ⊆ M with finite holonomy for the the unit circle bundle X ⊆ A * ; equivalently, the submanifold L ⊆ M is the image of a compact Legendrian submanifold P ⊆ X (Definitions 2.2.1 and 2.2.2). Interest in Bohr-Sommerfeld Lagrangian submanifolds arose in connection to the semiclassical description of physical states [BW] , [W] .
Let (L, λ) be a compact and connected half-weighted Bohr-Sommerfeld Lagrangian submanifold of M; that is, λ is a C ∞ real-valued half-density on L and L λ•λ = 1, where λ•λ denotes the density obtained by squaring λ ( §2.3). Let S be the manifold of all half-weighted Bohr-Sommerfeld Lagrangian submanifolds (L ′ , λ ′ ) of (M, ω) such that L ′ is isodrastically equivalent to (L, λ); this means that L ′ can be deformed into L by flowing it along globally defined Hamiltonian vector fields ( §2.1).
The isodrastic leaf S also carries a naturally defined semidefinite Riemannian metric. The metric and symplectic structures are non-degenerate and compatible on an appropriate open subset S ′ ⊆ S, where they define an almost Kähler structure. More precisely, S ′ consists of all pairs (L, λ) ∈ S such that λ is a nowhere vanishing half-weight on L.
In fact, given the Kähler structure of M, the smooth tangent space T (L,λ) S to S at (L, λ) is naturally isomorphic to the space of all pairs (f, ℓ), where f ∈ C ∞ (L) and ℓ is a C ∞ half-density on L, satisfying L f λ • λ = L ℓ • λ = 0 (statement i) of Proposition 2.3.1). Roughly, f accounts for the change in L, and ℓ for the change in λ.
Let W (f, ℓ) be the tangent vector associated to a pair (f, ℓ). The symplectic pairing Ω (L,λ) W, W ′ and the metric pairing G (L,λ) W, W ′ of tangent vectors W = W (f, ℓ) and W ′ = W (f ′ , ℓ ′ ) are expressed by (3) and (4) below, respectively. If (L, λ) ∈ S ′ , the almost complex structure relating the two pairings is given by (8).
For every k ∈ N sufficiently large and suitably divisible, let Φ k :
be the k-th projectivized BPU map, where N k + 1 is the Riemann-Roch number of A ⊗k ( §2.5); here U k ⊆ S is an appropriate open subset, and for any (L, λ) ∈ S we have (L, λ) ∈ U k for all suitably divisible k ≫ 0. In particular, S = k U k .
The following Theorem means that in the semiclassical setting almost isometry does not hold in the literal sense, but it is nonetheless possible to recover the Riemannian and the Weinsten symplectic structures on an isodrastic leaf from the asymptotic properties of BPU maps. Theorem 1. Let S be an isodrastic leaf of half-weighted compact and connected Bohr-Sommerfeld Lagrangian submanifolds of (M, ω). Let Ω and G denote its Weinstein (weak) symplectic structure and its semi-definite Rie-
S, the following asymptotic expansions hold as k = lr and l → +∞:
Here, r is the order of the image in S 1 of the holonomy representation of L for the unit circle bundle X ⊆ A * . If SS ⊆ T S is the unit sphere bundle (for any given smooth metric) and K ⊆ SS is the image of a smooth map from a compact subset of some Euclidean space R s , these asymptotic expansions are uniform on the set of pairs of tangent vectors
Clearly r is an invariant of S. Before attacking the proof of Theorem 1, we need to recall and develop some preliminaries on the symplectic structure of isodrastic leaves, and on the theory of BPU maps. Regarding the former, we shall follow the theory of [W] , except that we need to transfer the discussion to the space of halfweighted Lagrangian submanifolds. Regarding the latter, we shall rely on the reformulation given in [DP] , where the parametrix for the Szegö kernel constructed in [BS] was used in place of Fourier-Hermite distributions.
We remark that the integrability of the underlying complex structure of M is inessential, and is assumed for concreteness and ease of exposition. In view of the microlocal description of almost complex Szegö kernels given in [SZ] , the present analysis can be extended to the category of compact almost Kähler manifolds.
Similarly, one might relax the assumption that the underlying BohrSommerfeld Lagrangian submanifolds be compact, as far as the half-weights are required to be compactly supported. We shall leave these generalizations to the interested reader.
Preliminaries
We shall denote by D ∞ (Z) the space of all C ∞ real-valued densities on a manifold Z. Similarly, we shall denote by D ∞ (1/2) (Z) the space of all C ∞ real-valued half-densities Z. There is a natural commutative product
given by pointwise multiplication of functions on frame bundles.
In this article, all densities and half-densities will be understood to be real-valued.
Weighted Lagrangian submanifolds
The space L = L(M, ω) of all compact and connected Lagrangian submanifolds of (M, ω) is an infinite-dimensional manifold; we shall note distinguish notationally a point L ∈ L and the corresponding submanifold
B is called the isodrastic distribution, and its leaves the isodrastic leaves of L. Two Lagrangian submanifolds L, L ′ ∈ L belong to the same isodrastic leaf if and only if they can be joined by a chain of locally defined Hamiltonian isotopies; in this case, one says that L and L ′ are isodrastically equivalent. Neither the manifold L nor its isodrastic leaves carry any natural symplectic structure. However, Weinstein discovered that a natural symplectic structure exists on the space of all weighted Lagrangian submanifolds over a given isodrastic leaf. A weighted Lagrangian submanifolds of (M, ω) is a pair (L, ̺), where L ∈ L and ̺ is a weight on L; a weight on a compact manifold L is a real smooth density ̺ ∈ D ∞ (L) such that L ̺ = 1. Thus the space of all weighted compact and connected Lagrangian submanifolds of the symplectic manifold (M, ω), WL = WL(M, ω), consists of all pairs (L, ̺), where L ∈ L and ̺ is a weight on L. From a physical perspective, points in M represent classical states, while points (L, ̺) ∈ WL represent semiclassical approximations to quantum states [BW] .
There is a natural forgetful projection, p : WL → L, and for any isodrastic leaf I ⊆ L we shall set WI =: p −1 I . The infinite dimensional manifold WI has a built-in symplectic structure Ω Wein ( §3 of [W] ) that we shall describe below.
The circle bundle of weighted Planckian submanifolds
Let X ⊆ A * be the unit circle bundle, with projection π : X → M, so that the connection 1-form α on X is a contact structure, and dα = π * (ω).
Definition 2.2.1. A submanifold P ⊆ X is Planckian if it is Legendrian and furthermore (by restriction of π) it is an unramified cover of a Lagrangian submanifold L = π(P ) ⊆ M. We shall denote by P = P(X, α) the collection of all compact and connected Planckian submanifolds of (X, α).
Remark 2.2.1. A compact and connected Lagrangian submanifold L ⊆ M is Bohr-Sommerfeld if and only if the image of the holonomy representation π 1 (L) → S 1 for the principal S 1 -bundle X is a finite subgroup Hol(L) ⊆ S 1 . If P ⊆ X is a compact and connected Legendrian submanifold such that L = π(P ), the projection P → L is an unramified cover of degree r =: |Hol(L)|.
The property of being Bohr-Sommerfeld is invariant under isodrastic deformations [W] :
Proof. In fact, any Hamiltonian isotopy r t : M → M lifts in a canonical manner to a Hamiltonian isotopy of contactomorphisms s t : X → X. If P 0 ⊆ X is Planckian and L 0 = π(P 0 ), then P t =: s t (P 0 ) and L t =: r t (L 0 ) are related by π(P t ) = L t . Thus P t is Planckian and L t is Bohr-Sommerfeld for every t.
Thus, the subset L BS ⊆ L of Bohr-Sommerfeld Lagrangian submanifolds is a union of isodrastic leaves. By definition, there exists a built-in map, π : P → L BS , given by π(P ) =: π(P ). For any isodrastic leaf I ⊆ L BS , we shall let P I =: π −1 I . Then P I is an infinite-dimensional manifold, and for any P ∈ P I we have
Definition 2.2.3. Let I ⊆ L BS be an isodrastic leaf. Then the image of the holonomy representation π 1 (L) → S 1 associated to the principal S 1 -bundle X is the same for every L ∈ I; its cardinality equals the degree of the unramified cover P → L =: π(P ), for any P ∈ I. Let us denote this image by Hol(I) ⊆ S 1 , and set G I =:
Let us set WP I =: P I × I WI. Thus, WP I consists of all pairs (P, ̺), where P ∈ P I and ̺ is a weight on π(P ) ∈ I. The projection π : WP I → WI, given by (P, ̺) → π(P ), ̺ , is a principal G I -bundle, and has an intrinsic connection, arising as a universal connection in the terminology of [W] ; the symplectic structure Ω on WI is the curvature of this connection (Proposition 4.3 of [W] ). Heuristically, we shall think of the circle bundle π : WP I → WI as a semiclassical analogue of the circle bundle π : X → M.
In order to describe Ω, let us first recall some well-know facts about the local extrinsic geometry of Lagrangian submanifolds of the Kähler manifold (M, ω, J) [MS] , and how this reflects itself in the descrition of the tangent space of WI at (L, ̺).
To begin with, pairing the argument in the proof of Theorem 3.32 of [MS] with inspection of the proof of Lemma 3.14 of [MS] yields the following:
, and a natural choice of a symplectomorphism γ : U → V , with the following properties: i) γ(l) = l, ∀ l ∈ L, and ii): the inverse image γ
We shall refer to γ as the normal cotangent structure of M near L, and write β : M → L for the corresponding projection. By the theory in §3 of [W] , especially the discussion surrounding equation (3), we then obtain:
In i), f is implicitly extended by pull-back under h to the tubular neighborhood described above, and should be regarded as the Hamiltonian of a locally defined Hamiltonian vector field υ f near L. The flow of υ f determines a path L t of Lagrangian submanifolds with L 0 = L. The condition on f is then simply a renormalization that fixes it uniquely.
On the other hand, if we restrict β to L t , for every sufficiently small t we obtain a diffeomorphism β t : L t → L. Now if ρ t is a family of weights on L with ρ 0 = ̺, we obtain by pull-back weights ̺ t = β * t (ρ t ) on L t . The first order datum at t = 0 corresponding to the family of weights ̺ t is the density
. Let φ t be the flow of the Hamiltonian vector field υ f , defined locally near L. For every sufficiently small t, let L t =: φ t (L), and let dens
Half-weighted Lagrangian submanifolds
By analogy with the previous notation, we shall denote by
the space of all compact and connected half-weighted Lagrangian submanifolds of (M, ω), and by W h P = W h P(X, α) the space of all pairs (P, λ), where P ∈ P and λ is a half-weight on π(P ). Corresponding to every isodrastic leaf I ⊆ L BS , we have leaves W h I and W h P I .
The analogue of Proposition 2.2.1 is:
There is an obvious smooth map Ψ :
1 -bundle on W h I obtained by pulling back π : WP I → WI by Ψ. We shall also write π the projection
The following is left to the reader:
We obtain by pull-back a closed 2-form Ω =:
Now on W h I we also have a positive semi-definite Riemannian structure, given by
Let 
and
where J is the almost complex structure on W ′ h I defined by 
Good coordinates along a Legendrian submanifold
Given a Planckian submanifold P ⊆ X, we shall now introduce suitable local coordinates for X along P ; roughly, these will be systems of transverse Heisenberg local coordinates [SZ] , moving smoothly along P . First, we introduce some notation.
For every r ∈ N and ǫ > 0, let B r ǫ ⊆ R r be the open ball of radius ǫ centered at the origin. Let (p, q, θ) be the linear coordinates on
→ X is a local chart for X, with slight abuse of language (p, q, θ) : V → R 2n+1 will also denote the corresponding local coordinates defined on V =: ψ B 2n+1 ǫ . Accordingly,
will denote the corresponding vector fields on V .
The unit circle bundle X ⊆ A * on M has a natural Riemannian structure g X . Namely, the compatible connection defines a direct sum decomposition T X = H(X/M) ⊕ V (X/M), where H(X/M) = ker(α) is the horizontal tangent bundle and V (X/M) = ker(dπ) is the vertical tangent bundle. To define g X , we declare this to be an orthogonal direct sum, take the pull-back of the Riemannian structure on M as a Riemannian metric on H(X/M) ∼ = π * (T M), and require the generator of the S 1 -action to have norm 1 2π
. With this choice of Riemannian metric on X, the S 1 -orbits have unit length; when X is endowed with the corresponding Riemannian density dens X , the natural isomorphism
is a unitary isomorphism; here H(X) k is the level k Hardy space of X. Given x ∈ X, · x will denote the norm on T x X associated to g X .
Proposition 2.4.1. Let P ⊆ X be a Legendrian submanifold. For any x ∈ P , there exists a local chart ψ : B 2n+1 ǫ → X for X, centered at x and satisfying the following properties:
1. P ∩ V is defined by the conditions p = 0 and θ = 0, where
, whenever all terms are defined;
3. the horizontal tangent bundle H(X/M) ⊆ T X at any y ∈ V ∩ P is
4. for every y ∈ V ∩ P , one has
where J y is the endomorphism of H(X/M) y induced by the complex structure of M;
5. for every y ∈ V ∩ P and every η 1 , . . . , η n ∈ R, we have
Proof. In the following argument, ǫ > 0 is a constant allowed to vary from line to line.
By the discussion in §2 of [DP] , for any y ∈ P there exists a system of Heisenberg local coordinates (p (y) , q (y) , θ (y) ) adapted to P at y. This means that (p (y) , q (y) , θ (y) ) are local Heisenberg coordinates for X centered at y, in the sense of [SZ] , and that P is tangent to the locus p (y) = 0 at y. Furthermore, this construction may be deformed smoothly with y ∈ P . More precisely, for every x ∈ P there exist an open neighborhood P ′ ⊆ P of x in P , ǫ > 0, and a smooth map Ψ :
ǫ × (−π, π) → X is an Heisenberg local chart adapted to P at y.
Perhaps after restriction to a smaller open neighborhood, we may assume without loss that P ′ is the image of a local chart φ : B n ǫ → P ′ for P centered at x. Let q = (q i ) denote the linear coordinates on R n . We can now define a smooth map ψ :
In view of the definition of Heisenberg local coordinates, it is straightforward to check that ψ is a local chart for X satisfying all the conditions in the statement of the Proposition.
Definition 2.4.1. Suppose P ⊆ X is a Legendrian submanifold. A system of local coordinates defined near some x ∈ P and satisfying the conditions listed in Proposition 2.4.1 will be called a system of good local coordinates for X along P .
In the notation of the Proposition, π(V ) ⊆ M is an open subset, π(P ∩ V ) ⊆ π(V ) is a Lagrangian submanifold, and (p, q) is naturally a local coordinate chart on π(V ), in which π(P ∩ V ) is defined by the condition p = 0.
The Heisenberg local charts Ψ(y, ·, ·) appearing in the proof are defined on B 2n ǫ × (−π, π), but the good coordinate chart is defined on B 2n+1 ǫ ⊆ B 2n ǫ × (−π, π). This ensures that P intersect each S 1 -orbit at most once in the given chart. The reason why we need to impose this is that when the image of P ∩ V in X is not a submanifold all conditions in the Proposition may not hold simultaneusly.
Let us now suppose that P ⊆ X is actually a Planckian submanifold. Let r ∈ N be the degree of the unramified cover P → L =: π(P ) ⊆ M. Then P ⊆ X is invariant under the subgroup Z r = e 2πi/r ⊆ S 1 , and e iθ · P ∩ P = ∅ if e iθ ∈ Z r . In fact, Z r acts as a group of Riemannian covering maps for P → L =: π(P ), and as a group of contactomorphisms of X. In this case, Proposition 2.4.1 may be strengthened as follows: Proposition 2.4.2. Let P ⊆ X be a Planckian submanifold. For any x ∈ P , there exists a local chart ψ : B 2n ǫ × (−π, π) → X for X, such that x = ψ(0, 0, ϑ 1 ) for some ϑ 1 ∈ (−π, π), satisfying conditions 2., 3., and 4. of Proposition 2.4.1 with P in place of Λ, and such that in addition condition 1 is replaced by:
ǫ × (−π, π) ; then P ∩ V is defined by the conditions p = 0 and θ ∈ {ϑ 1 , · · · , ϑ r }, where ϑ j ∈ (−π, π) are all distinct;
Projectivized BPU maps
Let us now recall the construction of BPU maps (following the rephrasing based on half-densities in §2 of [DP] ), and define their projectivizations.
In view of the volume form vol X = α ∧ π * (ω) ∧n , we shall tacitly identify functions, densities and half-densities on X. Given this identification, by virtue of its microlocal structure the Szegö projector of X extends to a linear operator Π :
is the subspace of those distributions on X all of whose Fourier components belong to the Hardy space.
Any (P, λ) ∈ W h P I naturally induces a generalized half-density δ (P,λ) ∈ D ′ (X), essentially the delta function determined by the pair (P, λ); here, λ is implicitly viewed by pull-back as a half-density on P . Let us describe δ (P,λ) explicitly.
To this end, let dens X and dens P be the Riemannian densities on X and P , respectively. Similarly let dens (1/2) X and dens
(1/2) P be the Riemannian halfdensities on X and P , respectively. Suppose that γ is a C ∞ half-density on X. Thus, we can write λ = S λ · dens (1/2) P and γ = T γ · dens (1/2) X for uniquely determined S λ ∈ C ∞ (P ) and T γ ∈ C ∞ (X). We then have:
δ (P,λ) is a Lagrangian distribution. Suppose that (p, q, θ) : U → R n × R n × R are local coordinates for X, centered at some x 0 ∈ P , and defined on an open neighborhood U of x 0 in X. Suppose that P ∩ U ⊆ U is defined by equations p = P(q), θ = Θ(q), where (P, Θ) : V → R n × R is a C ∞ function on some neighborhood of the origin in R n . Then (q) restricts to a system of local coordinates for P , defined on P ∩ U and centered at x 0 ; accordingly, we shall write dens (1/2) P = D P · |dq|, for a uniquely determined C ∞ positive function D P on P ∩ U. Then if γ is supported in U, we have
When acting on C ∞ 0 (V ), therefore, δ (P,λ) may be represented by the Fourier integral distribution
where
Let us denote by ∆ :
. Composing with the Szegö projector yields
Taking Fourier components, we obtain u (P,λ),k =:
is the level-k Hardy space of X, and Π k : D ′ (X) → H(X) k is the orthogonal projector. For every k ∈ N, the level-k BPU map is defined to be this composition:
Since by construction δ (P,λ) is Z r -invariant, so is u (P,λ) ; therefore the Fourier component u (P,λ),k vanishes unless k is a multiple of r. In other words, Φ k = 0 unless r|k.
Next suppose that r divides k, and write k = l · r. In view of statement i) of Corollary 1.1 of [DP] , we have u (P,λ),k (x) = O(k −∞ ) whenever x ∈ S 1 · P ; here S 1 · P ⊆ X denotes the image of the immersion S 1 × P → X given by the group action restricted to P . If on the other hand x ∈ S 1 · P , set m =: π(x) ∈ L ⊆ M, and work in a system of local Heisenberg coordinates for X adapted to P at x; by statement ii) of Corollary 1.1 of [DP] , for every w ∈ T m M ∼ = C n there is an asymptotic expansion:
Here
⊥ , and ω m (w ⊥ , w ) is their symplectic pairing. Furthermore, e iϑ(x) ∈ S 1 is any element such that e iϑ(x) · x ∈ P , and we write λ = S λ · dens
, where dens
(1/2) L is the Riemannian volume half-density on L induced by the Kähler metric on M.
Remark 2.5.1. It follows from the arguments surrounding equations (54)-(58), Lemma 3.7 and Claim 3.2 of [DP] that c f (x, w) = z f (x, w) e − w ⊥ 2 /2 , where z f (x, w) is a rapidly decaying function of w ⊥ . More precisely, up to some constant factor and oscillating term, Z f (x, w) is the evaluation in w ⊥ of the Fourier transform of the rapidly decreasing function Z j in statement ii) of Lemma 3.7 of [DP] (there w ⊥ = p w , w = q w ).
In particular, Φ k P, λ = 0 if (P, λ) ∈ W h P I and r|k, k ≫ 0. For k = lr, l ∈ N, let U k ⊆ W h P I be the S 1 -invariant open subset where Φ k = 0. Thus,
We shall call Φ k the level-k projectivized BPU map.
The asymptotics of the differential of BPU maps
We aim to prove that the projectivized BPU maps Φ k are differentiable and to give an asymptotic expansion for the pull-back of the Fubini-Study symplectic structure.
As a first step, in this section we shall give an asymptotic expansion for the differential of the level-k BPU map,
at a given (P, λ) ∈ W h P I . We may assume without loss that r divides k, and write k = r · l. Assuming that ∆ is differentiable, since Π k is linear we have
We shall first determine
(Proposition 2.3.1). We may write λ = S λ · dens
(1/2) P and ℓ = S ℓ · dens
(1/2) P , where dens
(1/2) P denotes the Riemannian half-density on P . Thus, S λ and S ℓ are globally defined smooth functions on P , and descend to globally defined smooth functions on L.
Working locally near some x 0 ∈ P , let us fix a system of good local coordinates (p, q, θ) for X along P centered at x 0 , and defined on some open subset X ′ ⊆ X (Definition 2.4.1).
Then (p, q) is in a natural manner a system of local coordinates for M centered at m 0 =: π(x 0 ), and defined on the open neighborhood
Then P ′ is defined by the equations p = 0, θ = 0, and L ′ is defined by the equations p = 0. Furthermore, perhaps after restricting X ′ to a smaller open neighborhood, we may assume that π maps P ′ diffemorphically (and isometrically) onto L ′ . We may implicitly regard (q) as a system of local coordinates on P ′ . The following Proposition describes d (P,λ) ∆ W ∈ D ′ (X) as a Lagrangian distribution associated to the conormal bundle of P ⊆ X. Proposition 2.6.1. In the notation of the preceding discussion, the following holds:
for uniquely determined smooth functions a j on L ′ .
•
is representable locally near x 0 as the Fourier integral For some ǫ > 0, let us choose a smooth map γ : (−ǫ, ǫ) → W h P I , γ(t) = (P t , λ t ), with γ(0) = (P, λ), γ ′ (0) = W . Then P t and L t =: π(P t ) (t ∈ (−ǫ, ǫ)) are smooth paths in P and L, respectively, and λ t is a half-weight on L t for every t ∈ (−ǫ, ǫ). Let us recall how the pair (f, ℓ) determines the path (P t , ℓ t ) to first order. First, if φ t is the local flow of υ f , then L t = φ t (L) to first order in t. Let υ ♯ f be horizontal lift of υ f to X, and let ∂ ∂θ denote the generator of the
The local flow φ t of υ f covers φ t , and P t = φ t (P ) to first order in t. Next, let β t : L t → L be the projection induced by the normal cotangent structure of M near L, as in the discussion following Proposition 2.2.1. There is a smooth path η t of half-weights on L, such that λ t = β * t (η t ) for every t.
⊥ , for every x ∈ P . By (15), for any x ∈ P ′ , with local coordinates (0, q, 0), we then have:
for certain smooth functions a j on P ′ . Thus, for t ∼ 0, the Planckian submanifold P t ⊆ X is defined in good local coordinates near x 0 by equations
Lt , for uniquely determined C ∞ functions S λt on L t . In view of (11), δ (Pt,λt) = ∆ P t , λ t can be represented locally near x 0 as a Fourier integral of the form
Here we write p = (p j ), a = (a j ) (cfr Lemma 2.2 of [DP] ). Furthermore, the q = (q j ) restricts to a system of local coordinates on L t , and S λt (q), D Pt (q) are meant in this local coordinate system (thus, dens = D Pt · |dq|). By the arguments in §7.8 of [H] , the t-derivative of ∆ P t , λ t may be computed by differentiating with respect to t under the integral sign in (17).
Lemma 2.6.1. When q is adopted as a system of local coordinates for both L = L 0 and L t , we have β t (q) = q + O(t 2 ).
Proof. Let U ⊆ M be the open tubular neighborhood of L produced in the construction of the normal cotangent structure, and let π : U → L be the normal cotangent projection. Let π ′ : U → L be the locally defined projection M ′ → L ′ which is given in good local coordinates by (p, q) → q.
By the properties of good local coordinates, the fibers of both π and π
Restricting to P t , this implies the statement.
A similar argument proves:
As in the previous discussion, suppose η t is the half-weight on L such that
. Notice that S λt is a smooth function on P t , while S ηt is a smooth function on P = P 0 . Since q restricts to a system of local coordinates on both P and P t , t ∼ 0, we can consider the local expressions S λt (q) and S ηt (q).
In local coordinates, by Definition 2.2.4 and Lemmata 2.6.1 and 2.6.2, we have
In view of Corollary 2.6.1, we have β * t ( |dq|) = |dq|+O(t 2 ), and (β * t g)(q) = g(q) + O(t 2 ) for every locally defined function g. Therefore, working in local coordinates we get:
We deduce that
Now (18) and (19) imply
The proof of the second statement of Proposition 2.6.1 is completed by inserting (20) in (17), and differentiating with respect to t under the integral sign at t = 0.
Thus locally near x 0 we may write
Applying the level-k Szegö kernel, by (14) we obtain
where we have set
Let us now consider the transverse scaling asymptotics for d (P,λ) Φ k W j near x 0 . Before we proceed, however, let us introduce a piece of notation: given x ∈ P ′ with good local coordinates (0, q, 0), and w ∈ R n , by x + w we shall mean the point in P ′ having good local coordinates (w, q, 0). In good local coordinates for X along P , the real n-space R n ⊆ C n is unitarily identified with the Riemannian normal space (T m L) ⊥ , m =: π(x); this in turn may be identified with a subspace of the horizontal tangent space
Lemma 2.6.3. Given x 0 ∈ P , suppose that P ′ is a sufficiently small open neighborhood of x 0 in P . Uniformly in x ∈ S 1 · P ′ , and in w ∈ R n of bounded norm, for j = 1, 2 the following asymptotic expansion holds as l → +∞ and k = l · r:
where we have set m =: π(x) ∈ L, and ϑ(x) ∈ (−π, π] is such that e iϑ ·x ∈ P ′ . Similarly, and with the same notation,
Furthermore, for every j = 1, 2, 3, 4 and h ≥ 1 we have
h is a rapidly decaying function of w.
Proof. We may assume x ∈ P . For j = 1, 2, we have
, where σ j is the half-
. By Corollary 1.1 of [DP] , the scaling asymptotics of Π k δ (P,σ j ) at x ∈ P are given -in Heisenberg local coordinates adapted to P at x -by asymptotic expansions akin to (12), with b j in place of S λ .
In (12), w is allowed to vary in C n , and x + w denotes the point of X having adapted Heisenberg local coordinates (w, 0). On the other hand, good local coordinates along P are constructed by glueing moving systems of trasverse Heisenberg local coordinates along a system of arbitrary local coordinates along P (this is made precise in Proposition 2.4.1).
Since in (23) w is required to be a real vector, the expression x+
(in the given system of good local coordinates) represents a transverse displacement from P which is also represented by the expression x + w √ k in a system of Heisenberg local coordinates adapted to P at x. Thus, an expansion of type (12) still holds in good local coordinates, so far as the rescaling occurs in the transverse direction only.
The proof of (24) is similar, but we need to explain the extra factor of k. To this end, we remark that W ) 3 is the Fourier integral (21), with b 3 = −iτ f S λ (we may introduce a cut-off to make this compactly supported near x). Due to the factor τ appearing in the amplitude, this is not of the form δ (P,σ) for a C ∞ half-density on P . However, the techniques in the proof of (12) can still be applied. Namely, one applies to (21) the Boutet de Monvel -Sjöstrand parametrix for the Szegö kernel, and then takes the k-th Fourier component. After suitably rescaling the integration variables involved, this yields an oscillatory integral to which the stationary phase Lemma may be applied. By Claim 3.2 of [DP] , this leads to a unique stationary point where τ = 1 and η = 0. The rescaling involved in τ is τ → k τ , and this accounts for the extra factor of k in (24).
Let us consider (25). Now we have
and d (P,λ) ∆ W 4 is the Fourier integral (21), with b 4 = −i(η ·a)S λ . The same arguments used in the previous paragraph apply, and and we conclude that
is expressed by an oscillatory integral to which the stationary phase Lemma may be applied. Following the arguments in the proof of Theorem 1.1 of [DP] , one sees that the rescaling involved in η is η → k 3/2 η. Therefore, the leading order term of the resulting asymptotic expansion has degree at most k (n+3)/2 . However, as mentioned the stationary point of the phase has η = 0. Since by Theorem 7.7.5 of [H] the first term involving derivatives of the amplitude has degree (3 + n)/2 − 1 = (1 + n)/2, the terms in k (n+3)/2 and k 1+n/2 both vanish. The last statement is proved arguing as in Remark 2.5.1. This completes the proof of Lemma 2.6.3.
Recall that the C ∞ R n -valued function a on P appearing in b 4 depends linearly on f and is independent of ℓ. On the other hand, S ℓ obviously depends linearly on ℓ, and is independent of f . It is convenient to decompose
and w ∈ R n , we then have asymptotic expansions (22) and Lemma 2.6.3, we obtain: Corollary 2.6.1. Suppose (P, λ) ∈ W h P I , W ∈ T (P,λ) W h P I . Then:
• Uniformly in x ∈ S 1 · P and in w ∈ T π(x) M of bounded norm, the following asymptotic expansion holds as l → +∞ and k = l · r:
where γ ℓf = S ℓ − i f S λ , and for every h ≥ 1 we have H h (x, w) = H h (x, w) e − w 2 /2 , H h being a rapidly decaying function of w.
We can now prove:
Proposition 2.6.2. If (P, λ) ∈ W h P I , the following asymptotic expansion holds as l → +∞ and k = l · r:
Then the following asymptotic expansions hold as l → +∞ and k = l · r:
An estimate similar to (28) was first proved in [BPU] , where BPU maps where originally phrased in terms of Fourier-Hermite distributions and symplectic spinors. Remark 2.6.1. Suppose (P, λ) ∈ P I , and set
Proof of Proposition 2.6.2. Since Φ k (P, λ) = Π k (δ P,λ ), arguing as in (75) of [DP] we have
Now (12) with w = 0 yields an asymptotic expansion for Φ k (P, λ)(x), x ∈ P ; when x ∈ P , we may actually assume ϑ(x) = 0 in (12). Inserting the latter asymptotic expansion in (31) proves (28), since
because P → L is a Riemannian covering of degree r, and λ = S λ · dens
The proof of (30) is similar, except that we now need to use the asymptotic expansion in Corollary 2.6.1, and recall
Let us now consider (29). Let U ⊇ L = π(P ) be a suitably small tubular neighborhood of L in M, so that T =:
In view of the first statement of Corollary 2.6.1, we have:
there is a system of good local coordinates for X near P , in the stronger sense of Proposition 2.4.2; we may as well assume that the T j 's are finitely many. Let {ϕ j } be a partition of unity on U subordinate to the open cover {U j }, so that { ϕ j } is a partition of unity on T for the open cover {T j }, where ϕ j =: ϕ j • π.
Given (32), we conclude:
where we have set A jk =: , where x ∈ S 1 · P ∩ T j has good local coordinates (0, q, ϑ).
On the other hand, by the second statement of Corollary 2.6.1 working in good local coodinates we have
where for every h ≥ 1 we have t h (x, w) = t h (x, w) e − w 2 , with t h a rapidly decaying function of w. Now we can perform the integration over T j by first integrating in dw over R n and in
2π
dθ over (−π, π), and then in dq (viewed now as a system of local coordinates on L). To perform the former, we remark that by the construction of good local coordinates, we have
where dens L = D 2 L · |dq| is the Riemannian density on L = π(P ). If we now recall that R n e −2 p 2 dp = (π/2) n/2 , given (35) we obtain
Summing over j, we get (29).
3 Proof of Theorem 1.
Suppose that I ⊆ L BS is the isodrastic leaf such that S = W h I. Given (L, λ) ∈ W h I, we shall now consider the asymptotics of the derivative of the projectivized BPU map,
for k = l r and l → +∞. Quite generally, suppose V, is a finite-dimensional unitary vector space, so that PV has an induced Fubini-Study metric. Let ς : V \{0} → PV , v → [v] be the projection. If v ∈ V , v = 0, let d v ς : V → T [v] PV be the differential of ς. Then d v ς induces an algebraic isomorphism v ⊥ → T [v] PV , where v ⊥ ⊆ V denotes the unitary orthocomplement of v. The Hermitian products on v ⊥ and on T [v] PV are related by
As in i) of Proposition 2.3.1 suppose
Let us set W k =: W (f, kℓ).
Since by assumption L is a Bohr-Sommerfeld Lagrangian submanifold, by definition there exists a compact and connected Planckian submanifold P ⊆ X such that L = π(P ). Thus (P, λ) ∈ W h P I lies over (L, λ).
As in ii) of Proposition 2.3.1, W k lifts in a natural manner to a tangent vector W k ∈ T (P,λ) W h P I . We have W k = d (P,λ) π W k , where π : W h P I → W h I is the projection.
If ς : H(X) k \ {0} → PH(X) k is the projection, then
In view of (30) and (38), we have
Let us now define Z k ∈ H(X) k , k ≫ 0, by (40) we obtain an asymptotic expansion
Again in view of Proposition 2.6.2, we deduce from (37) the other asymptotic expansion
Given Remark 2.6.1, to complete the proof of Theorem 1 we need only take real and imaginary parts in (43).
